We extend the coset space formulation of the one-field realization of w 1+∞ to include more fields as the coset parameters. This can be done either by choosing a smaller stability subalgebra in the nonlinear realization of w 1+∞ symmetry, or by considering a nonlinear realization of some extended symmetry, or by combining both options. We show that all these possibilities give rise to the multi-field realizations of w 1+∞ . We deduce the twofield realization of w 1+∞ proceeding from a coset space of the symmetry groupG which is an extension of w 1+∞ by the second self-commuting set of higher spin currents. Next, starting with the unextended w 1+∞ but placing all its spin 2 generators into the coset, we obtain a new two-field realization of w 1+∞ which essentially involves a 2D dilaton. In order to construct the invariant action for this system we add one more field and so get a new three-field realization of w 1+∞ . We re-derive it within the coset space approach, by applying the latter to an extended symmetry groupĜ which is a nonlinear deformation ofG. Finally we present some multi-field generalizations of our three-field realization and discuss several intriguing parallels with N = 2 strings and conformal affine Toda theories.
Introduction
A universal geometric description of field systems respecting the invariance under a symmetry group G is provided by the method of nonlinear realizations (or the coset space realizations). One considers G as a group of transformations acting in some coset space G/H with an appropriately chosen stability subgroup H and identifies the coset parameters with fields. The authors of ref. [1] have constructed a nonlinear realization of w 1+∞ and have shown that, after imposing an infinite number of the inverse Higgs-type constraints on the relevant Cartan forms, one is left with the well-known realization of w 1+∞ on one scalar 2D field [2] .
In the present paper we extend the results of ref. [1] to obtain some multi-field realizations of w 1+∞ . The main idea of our approach is to enlarge the initial coset, in order to find the appropriate place for additional scalar fields. This can be done in two ways, either by considering a larger groupG which includes w 1+∞ as a subgroup 1 , or by choosing a smaller stability subgroupH in w 1+∞ . We demonstrate that both options (and their combination) give rise to the multi-field realizations of w 1+∞ , allowing us to obtain the two-field realization of [3] , as well as essentially new realizations of w 1+∞ on the set of scalar fields including dilaton-like ones. Besides providing new insights into the geometric origin of the w 1+∞ transformations, this could shed more light on the geometry of the associated w gravity.
The paper is organized as follows. In Sect.2 we briefly recall the main results of ref. [1] concerning the one-field realization of w 1+∞ .
In Sect.3 we recapitulate the basic facts about the two scalar field realization of w 1+∞ and list some important symmetries of the corresponding action. In particular, we present an infinite number of conserved currents extending the standard w 1+∞ transformations.
Our main results are collected in Sects.4 and 5.
In Sect. 4 we utilize the symmetries presented in the previous section, in order to recover the two scalar field realization of w 1+∞ within the coset space approach. It turns out that in this case one should start with an extension of the algebra w 1+∞ by some infinite-dimensional ideal. We also construct a new coset two-field realization of w 1+∞ which essentially involves a 2D dilaton.
In Sect.5 we show that this 2D field system can be given a Lagrangian formulation at cost of adding one more field. The resulting three-field realization of w 1+∞ is in a sense interpolating between the two-field ones constructed in Sect. 4 . As in the previous cases, it can be deduced in the framework of the coset space method and the inverse Higgs procedure, now applied to a nonlinear deformation of extended symmetry explored in Sect. 4 . We explicitly give the relevant conserved currents and their OPE's and discuss a possible relation to the conformal affine Toda theory [4, 5, 6] . We also mention some interesting multi-field generalizations of the w 1+∞ realization constructed.
A sketch of the one-field realization of w 1+∞
For the reader's convenience we begin with recapitulating the basic steps of the construction proposed in ref. [1] .
Its starting point is the truncated w 1+∞ formed by the generators V In what follows we will basically mean by w 1+∞ just this algebra.
As observed in ref. [1] , the standard one-field realization of w 1+∞ [2] can be easily re-derived within the framework of a coset realization. It is induced by a left action of the group associated with the algebra (2.1) on the infinite-dimensional coset over the subgroup generated by
An element of this coset space can be parametrized as follows:
Here all coset parameters are assumed to be 2D fields depending on z and the second 2D Minkowski space light-cone coordinate which is regarded as an extra parameter. In what follows we will never explicitly indicate the dependence on this extra coordinate and, where it is necessary, will identify z with the light-cone coordinate x + . As usual in nonlinear realizations, the group G (associated with w 1+∞ in the present case) acts as left multiplications of the coset element:
where h is some induced transformation of the stability subgroup. This generates a group motion on the coset: the coordinate z together with the infinite tower of coset fields v 0 (z), v n (z) constitute a closed set under the group action. For instance,
where
Thus one obtains the realization of w 1+∞ on the coordinate z and the infinite number of coset fields v 0 , v n . At the next step of this game the inverse Higgs procedure [7] becomes involved, in order to find the kinematic equations for expressing the higher-order coset fields in terms of v 0 (z). This can be done by putting some covariant constraints on the Cartan forms. The Cartan forms are introduced in the usual way
and are invariant by construction under the left action of w 1+∞ symmetry. They can be easily evaluated using the commutation relations (2.1). The first few ones are as follows:
Note that the higher order forms, like ω −1 0 and ω −1 1 , contain the pieces linear in the relevant coset fields. Now, keeping in mind the invariance of these forms, one may impose the manifestly covariant inverse Higgs type constraints
which can be looked upon as algebraic equations for expressing the parameters-fields v n (n ≥ 1) in terms of v 0 (z) and its derivatives; e.g., using eqs. (2.7) one finds the coset fields v 1 and v 2 to be expressed by
Finally, substituting the expression for v 1 in the transformations laws for z and v 0 (2.5) one gets
The active form of these transformations is just the standard one-field realization of w 1+∞ :
Thus, the realization of w 1+∞ on one scalar field can be deduced in a purely geometric way in the framework of the nonlinear realizations method. One of the most intriguing questions which arise when trying to advance this approach further is how to incorporate in it the multi-field realizations of w 1+∞ . It seems natural to extend the coset space by some new generators (either from the stability subgroup or by considering a larger group G). We will consider these possibilities in Sects.4 and 5, after briefly reviewing in the next section the well-known two scalar fields realization of w 1+∞ .
3 Two scalar fields realization of w 1+∞
In this Section we briefly recall the two scalar fields realization of the w 1+∞ algebra.
It is known that algebraically W 1+∞ admits a contraction to w 1+∞ . So one may obtain the field realizations of w 1+∞ as a contraction of those of W 1+∞ . This has been done in ref. [3] . The corresponding realization of w 1+∞ looks as follows.
Let v and w be the scalar fields with the following OPE's:
one can easily check that it satisfies the following OPE
from which it follows that the Fourier components
obey the commutation relations of w 1+∞ , eq.(2.1) 2 . The associate transformations of v and w read
The free action for these fields
gives the simplest example of a two-field action invariant under w 1+∞ transformations. In fact the first term in the action is invariant in its own right and can be removed by the redefinition of w
Let us make a few comments concerning the realization (3.5) and action (3.6), (3.8) .
First of all we note that the transformation law for the field w in (3.5) can be rewritten as
where δ s z is given in (2.10). So the w 1+∞ transformations of the field w are induced by the w 1+∞ shift of its argument z. Thus this field behaves as a scalar under w 1+∞ symmetry, while v supports the standard one-field realization of w 1+∞ discussed in the previous section.
Secondly, the free action (3.6), (3.8) possesses a larger symmetry than w 1+∞ . Here we quote the infinite number of conserved currents which generate the symmetries we will discuss in the next Sections. These currents read as follows:
For each N there exists a value s 0 such that the currents with the spins exceeding s 0 + 2 are independent in the sense that they cannot be reduced to the derivatives of the lower N currents. Using the OPE's (3.1) one can check that all these currents mutually commute and give rise to the transformations of w only (δv = 0):
It is worth mentioning that the currents W (s) (3.11), (3.12) together with the w 1+∞ currents V (s) (3.2) form a closed algebra. Moreover, they span an idealĤ in this extended algebra, so that the factor-algebra of the latter byĤ coincides with w 1+∞ . Let us give the OPE's between V (s) and the first two currents W 14) where in the last two lines we have written down only the leading terms without specifying the numerical coefficients A 1 , A 2 , A 3 (actually in what follows we will never need their explicit form). The OPE's between V (s) and the next currents display a similar structure. Their most characteristic feature is that the currents W 1 . In what follows this minimal extension of w 1+∞ will be referred to asG. Actually one can show that adding any other current W (s) N , N ≥ 2, toG would produce, via commuting with the w 1+∞ generators, the whole idealĤ. In the next Section we will show that the two-field realization of w 1+∞ which we are discussing here can be deduced from a coset realization of the group associated withG. Note that the idealĤ is none other than the universal enveloping algebra for the centreless U(1) Kac-Moody algebra generated by the spin 1 current W (−1) 1 . Indeed, this enveloping algebra is spanned by all possible products of ∂v and its derivatives of any order. All such products can be represented as linear combinations of the currents W (s)
N from the set (3.11), (3.12) and the derivatives of W (s) N , so these currents form a basis in the enveloping algebra in question regarded as a linear algebra.
The existence of extra symmetries in the above system entails an interesting consequence. One can modify the currents
with the proper coefficient so as the modified currents still close on w 1+∞ . This modification reads as follows:
with γ being an arbitrary parameter. Thus, in the case at hand one actually deals with a one-parameter family of w 1+∞ algebras. This fact has been noticed in ref. [8] where it has been also observed that, by adjusting the parameter value, one can cancel the central charge in the spin 1 sector of w 1+∞ and so make the modified currents obey the centreless w 1+∞ . As it is seen from the OPE's (3.3) and (3.14), in our notation this cancellation occurs at γ = − . It is easy to show that
(−1/2) = ∂w , and the spin 1 current becomes self-commuting 3 as a consequence of the self-commutativity of the fieldw.
For any value of γ one can pick up the combination of the fields w, v, namely w + γv, which transforms under the appropriate w 1+∞ from the above family according to the transformation law (3.10) (the transformations of v do not depend on γ and are always given by eq.(3.5)). In particular, for the centreless w 1+∞ (for γ = − ) this combination coincides with the self-commuting fieldw
Finally, we note that the action (3.6), (3.8) actually respects many more symmetries than those listed above. In particular, in view of invariance of (3.8) under the permutatioñ w ⇔ v, the currents obtained by this permutation from (3.2), (3.11), (3.12), (3.15) also define symmetries of (3.6), (3.8) . We discussed only those symmetries which are relevant to the subsequent coset space constructions.
4 Two-field realizations of w 1+∞ from the coset space approach
In this Section we explain how the two-field realizations of w 1+∞ reviewed in the previous Section can be reproduced in the framework of the coset space approach and also present a new kind of two-field realization.
As we noted previously, in order to find the appropriate place for the additional fields we need to enlarge the coset space we start with. The first possibility is to enlarge the symmetry group G (as the simplest example we may consider the nonlinear realization of the extended symmetryG defined in the previous Section). We do this in Subsect. 4.1 and demonstrate that the two-field realizations of ref. [3, 8] can be derived in this way. Secondly, one may still deal with the same w 1+∞ as in ref. [1] , but restrict the stability subgroup, transferring some of its generators in the coset. We do this in Subsect. 4.2 and deduce a new example of the two-field realization of w 1+∞ .
Nonlinear realization of the extended symmetryG
Let us consider the algebraG with the following commutation relations:
The generators V As discussed in Section 2, for constructing a nonlinear realization of the associated symmetry groupG one needs to define the appropriate infinite-dimensional coset space with a suitably chosen stability subgroup H. In the present case there are many possible choices for the stability subgroup, due to the commutativity of the generators W s n . Here we consider the simplest possibility, with the stability subalgebra formed by the following generators:
An element of the associate coset space can be parametrized as follows:
As usual, the groupG acts as the left multiplications on the coset element (we will first consider the action of the w 1+∞ subgroup ofG with the generators V s n ):
Now the coordinate z constitutes a closed set under the group action together with the infinite tower of coset fields v n (z), w m (z):
Thus, we obtained the realization of w 1+∞ on the coordinate z and an infinite number of coset fields v n , w m . Now we may impose the inverse Higgs constraints in order to find the kinematic equations for expressing the higher-order coset fields in terms of v 0 (z), w 0 (z). The appropriate set of constraints reads as follows:
where ω s n ,ω k m are Cartan forms:
After straightforward calculations one finds that the first higher-order coset fields v 1 , w 1 are expressed by
Finally, substituting the expression for v 1 in the transformations laws for z and v 0 (4.5), we obtain
These transformations, being rewritten in the active form, are recognized as the standard two-field realization of w 1+∞ (cf. eqs.(3.5))
As for the transformations with the generators W s n , they do not touch the coordinate and the parameter-fields associated with the generators V −1 n and act only on w m (z). In particular,
In accordance with the remark in the end of Sect.3, there exists a one-parameter family of embeddings of w 1+∞ inG. Introducing the new basis inG 12) one easily checks that the newly defined generators satisfy the same commutation relations as the old ones. In order to study the action of the w 1+∞ transformations with a given γ on the coset fields, it is convenient to pass in eq. 
now enters with the following combination of original fields:
The relevance of such a combination has been already mentioned in the end of Sect.3.
Here we see how it appears within the coset space approach. Thus, we have succeeded in deducing the standard realizations of w 1+∞ on two scalar fields in the framework of the nonlinear realizations method. One of these fields, v, as before is the coset field associated with the generator V −1 0 from the spin 1 sector of w 1+∞ , while the other, w (orw), is associated with the generator W −1 0 from the spin 1 sector of the infinite-dimensional idealH extending w 1+∞ toG. It is worth mentioning that the same fields can be alternatively interpreted as the coset parameters corresponding to a nonlinear realization of the symmetry isomorphic toG and generated by the currents following from (3.2), (3.11) via the changew ⇔ v. With respect to this symmetry, the roles of the fieldsw, v are inversed:w comes out as the coset parameter related to the subalgebra w 1+∞ while v is associated with the ideal.
Nonlinear realization of w 1+∞ with two essential fields
Now we consider another possibility to obtain a two-field realization of w 1+∞ . This realization turns out to be of an essentially new kind compared to the previously known ones.
The starting point of our construction will be the realization of w 1+∞ in the coset space w 1+∞ /H, where the stability subgroup H is now generated by In other words, we put in the coset space along with the spin 1 generators all the generators from the (truncated) Virasoro subalgebra in the spirit of ref. [10, 11, 12 ]. An element of this coset space can be parametrized as follows:
Thus we have now two infinite series of the coset parameters-fields associated with the generators V −1 n and V 0 m . As in the previous cases we may easily find the transformation properties of the fields v n , u m under the w 1+∞ symmetry realized by left multiplications of the coset (4.14)
Using the inverse Higgs-type constraints on the Cartan forms
one finds that all the coset fields are covariantly expressed through the two independent ones, v 0 and u 0 . In particular, the coset fields v 1 and v 2 are represented by
Finally, substituting the expressions for v 1 , v 2 in the transformations laws of z, v and u (4.15), we find the new two-field realization of w 1+∞
or, in the active form
In this new realization the field v 0 and the coordinate z form as before a representation of w 1+∞ in their own, while u 0 transforms like the dilaton in the standard conformal theories. To see this, it is instructive to rewrite the transformation law of u 0 in the form
Under the conformal group (s = 0) u 0 transforms as a 2D dilaton, with the purely chiral parameter δ 0 z = −a 0 (z). However, for the higher spin transformations δ s z ceases to be chiral because of the explicit presence of ∂v 0 , so the w 1+∞ transformations of u 0 can be reduced to the conformal ones only provided the field v 0 is on shell.
Several comments are in order here. First, it should be emphasized that the second realization can be straightforwardly extended by adding more generators (with spins 3, 4, etc.) to the coset. In this case we will obtain some multi-field realizations of w 1+∞ . Moreover, we are at freedom to combine the approaches used in the Subsections 4.1 and 4.2, including more generators in the coset as well as adding more currents, in order to get new realizations of w 1+∞ . This possibility will be exploited in the next Section.
As a second remark closely related to the first one, we note that including in this game the generators with higher spins (s ≥ 3) immediately leads to the appearance of the pure shifts of the corresponding fields under higher spin transformations (due to the goldstone nature of these fields). Classically, if these systems admit any Lagrangian formulation, such shifts may appear only through Feigin-Fuchs-like terms in the relevant currents. At the same time, these terms would inevitably yield central charges in the commutators of the higher spin currents. On the other hand, the algebra w 1+∞ is known to admit central extensions in the spin 1 and spin 2 sectors only, otherwise it should be deformed into W 1+∞ . So the nonvanishing central charges in the commutators of the higher spin currents could signal an existence of a hidden W 1+∞ structure in these systems. Another, more prosaic solution to this controversy could consist in that these systems admit no Lagrangian formulations at all (see the next comment) and the only correct way to include the higher spin generators in the cosets is to start from the beginning from nonlinear realizations of W 1+∞ or to extend w 1+∞ in a proper way. We postpone the complete analysis of this interesting question to the future.
Finally, we wish to emphasize that any new field realization of w 1+∞ (or of W 1+∞ ) seems to make sense only if it follows from some Lagrangian system (at least from the system of free fields). But just in the second, dilaton-like realization we did not succeed in finding any meaningful Lagrangian possessing invariance under the transformations (4.19). Respectively, it seems impossible to define currents which would generate (4.19) via Poisson brackets 5 . However, in a funny way it turns out that such a Lagrangian can be constructed if one adds to the system {v 0 , u 0 } one more field, with a specific transformation law under w 1+∞ . We discuss this possibility in the next Section.
New three-field coset space realization of w 1+∞
In this Section we consider a more complicated coset realization of w 1+∞ . It is based on a combination of the two approaches used in the previous Section. The main idea is to start with some extended groupĜ which contains w 1+∞ as a factor group. We first present the invariant Lagrangian and the transformation laws for the relevant field system and then explain how these laws can be derived from the coset space formalism.
Let us consider the following three-field modification of the action (3.6), (3.8)
The latter is invariant under the transformations
with α being an arbitrary parameter. One sees that the transformations of v and u coincide with (4.19) (the parameter α can be introduced in (4.19) via a rescaling of u) 5 The sum of the free actions for the fields u 0 and v 0 is invariant under the following modified transformations: u 0 is still transformed according to (4.19) while v 0 according tõ
However, the Lie bracket structure of these transformations is not that of w 1+∞ . Rather this is a kind of W 1+∞ symmetry analogous to the one found by two of us (S.B.& E.I.) in the system of two fields, one of which enters with a Liouville potential term [9] . Note that the Liouville term for u 0 , exp(−u 0 ), is in itself invariant under the above transformations (modulo a total derivative).
and so constitute w 1+∞ with the classical central charge ∼ α 2 in the Virasoro sector. Thus, for these fields we still have the dilaton-like realization of w 1+∞ constructed in Subsect. 4.2 (for the moment we discard the subscript 0 of these fields). However, the above action is invariant only due to the presence of the third field w (orw). Its transformation law for s ≥ 1 essentially differs from (3.5) and can by no means be reduced to the latter, since putting u or the stress-tensor of u, T (u) = (∂u) 2 + 2α∂ 2 u, equal to zero would clearly break the w 1+∞ symmetry.
To understand why this reduction does not work, one needs to consider a commutator of two w 1+∞ transformations on w. One finds that the commutator of two such transformations, with the spins s + 2 and k + 2, besides the original w 1+∞ transformation of w with the spin s + k + 2 and the bracket parameter
necessarily contains some extra terms proportional to α 2 . They are none other than the transformations from the set (3.13), not only those corresponding to the variation δ s 1 , but also those associated with higher order variations. Their contribution appears already in the commutator of the spin 2 and spin 3 w 1+∞ variations (a pure chiral shift of w generated by the spin 1 current W (−1) 1 ), so the spin 3 current in the present case turns out to be not primary. Commuting these extra variations of w with the original ones (5.2) we actually produce all the transformations from the set (3.13) which, as mentioned in Sect. 3 (see discussion below eq. (3.14)), form an infinite-dimensional idealĤ coinciding with the enveloping algebra of the spin 1 current W (−1) 1 . Thus, on the field w the w 1+∞ symmetry is defined only modulo the idealĤ formed by the mutually commuting transformations (3.13). In other words, w 1+∞ now appears as a factor algebra of an extended algebraĜ by the idealĤ. The transformations from this ideal are realized only on the field w, which explains why on the fields v and u the extended symmetry is reduced to w 1+∞ . For the time being, we do not completely understand why we need the additional field w and the factor-algebra interpretation of w 1+∞ in order to construct the invariant action for the system v, u.
For a better insight into the structure ofĜ and in order to learn how to regain the above three-field realization from the coset space approach, we should construct the relevant currents and compute their OPE's, proceeding from the canonical formalism corresponding to the action (5.1).
The w 1+∞ currents are easily found to bê
They generate the transformations (5.2) via the canonical OPE's
following from the action (5.1) (or, equivalently, via the canonical Poisson brackets). The currentsŴ
and the higher-order currents generating theĤ transformations (3.13) are still given by the expressions (3.11) and (3.12). Now it is easy to write the whole set of OPE's defining the algebraĜ We will make use of all these ideas to construct a nonlinear realization of the symmetry associated withĜ. In the case at hand, the trick proposed in [11] corresponds just to sticking to the interpretation ofĜ as a linear algebra involving as a subalgebra the whole enveloping algebra of the spin 1 currentŴ
. We combine the two approaches used in Sect.3, namely we put in the coset the generators with spin 1 and spin 2 from the set of V (s) , as well as the spin 1 generators coming fromŴ (k)
1 . All the generators coming from the composite currents (or, equivalently, fromŴ The machinery for invoking the inverse Higgs phenomenon is the same as in the previous Sections. After not very difficult labour we find that the whole symmetryĜ can be realized on the three essential scalar fields v 0 , u 0 and w 0 , whose transformations under the action of the w 1+∞ generators are just those given by the equations (5.2). Thus we have succeeded in deriving the above three-field realization of w 1+∞ in a purely geometric way, proceeding from the coset space of the associated extended symmetryĜ. Before ending this Section, let us make a few remarks concerning possible generalizations of the above three-field realization and its relation to other models.
First of all, let us note that in our realization the field u enters in the currents and in the transformations of the field w only through its stress-tensor T (u). Thus, we may easily extend our realization, in a close analogy with the W 3 realizations [13] , to the multi-scalar case, replacing T (u) by the corresponding stress-tensor
where the fields φ, . . . transform like u, but without inhomogeneous pieces. For the moment it is not quite clear how to reproduce such multi-field realizations in the framework of the coset space approach. One could interpret the extra fields φ, . . . as scalars ofĜ because these actually transform only due to the w 1+∞ shift of one of their arguments (recall eq. (4.20)), but then it is unclear how to ensure the appearance of these fields in the transformation law of w (where they enter through the modified stress-tensor T (u, φ, . . .)) that is necessary for the invariance of the action. These reasonings prompt that the fields φ, . . . should be somehow incorporated from the beginning in the coset space approach as the coset parameters.
The most intriguing possibility in what concerns these multi-scalar realizations seems to be as follows. Let us consider the realization with one extra field φ. One may add its kinetic term to the action (5.1) with the sign opposite to the sign of the kinetic term of u, assume that φ transforms under w 1+∞ by an inhomogeneous law similar to the transformation law of u and, respectively, add the appropriate Feigin-Fuchs term for φ to the stress-tensor. Then, due to the wrong sign of the kinetic term for φ, the contributions of u and φ to the central charge of the classical stress-tensor can be cancelled (one may equivalently add φ to the action with the normal kinetic term, but add a purely imaginary Feigin-Fuchs term for this field to the stress-tensor). Recalling that theŴ (s) N transformations which appear in the commutators of the w 1+∞ variations of w (and, respectively, theŴ terms in the first of the OPE's (5.5)) are proportional to the Virasoro central charge, the resulting transformations close on w 1+∞ without any contributions from theŴ (s) transformations and we end up with the original w 1+∞ symmetry, now realized on four fields with the signature (2 + 2) in the target space. More precisely, this realization is obtained by changing
in the transformation laws (5.2) and ascribing the following transformation law to φ
With respect to this stress-tensor, the currentŴ
behaves as a quasi-primary field with nonvanishing c J and so we recover the CAT current structure on the spin 1 and spin 2 levels. Nevertheless it remains not quite clear how our factor-algebra realization of w 1+∞ could be incorporated into the CAT higher spin algebra. We have checked that the realization of w 1+∞ following from the CAT algebra in the large J C limit [5] is different from ours: it does not involve the field u(= φ) and is rather reduced to the two-field realization discussed in Sect. 3 and Subsect. 4.1 (with some γ = − 1 2 ). Perhaps, in order to clarify these points one needs to consider a nonlinear realization of the extension of G by the currents A (s) . One of the most interesting problems in this context is how to obtain the CAT field equations starting from some nonlinear realization and applying the covariant reduction procedure (i.e. implementing a dynamical version of the inverse Higgs constraints [10, 11, 12] ).
Summary and discussion
In this paper we discussed how the nonlinear (coset space) realization approach of ref. [1] could be extended to produce multi-field realizations of w 1+∞ . We considered two possibilities, one of which is to narrow the stability subalgebra (respectively, to enlarge the coset space) still staying with the original w 1+∞ and the other is to embed w 1+∞ into a larger symmetry and to constuct a nonlinear realization of the latter. In both cases we found non-trivial examples of multi-field realizations of w 1+∞ . We reproduced the twofield realization of w 1+∞ [3] as a coset space one corresponding to the extension of w 1+∞ by one more set of self-commuting higher spin currents, i.e. to the algebraĜ. Further we constructed a new dilaton-like two-field realization of w 1+∞ in the coset space involving all the spin 2 (Virasoro) generators. In order to find a reasonable invariant action for this system it turned out necessary to add one more field with a specific transformation law under w 1+∞ . We have shown that this new three-field realization corresponds to embedding w 1+∞ as a factor-algebra into some nonlinear deformationĜ of the previously employed algebraG. This new algebra can as well be regarded as an extension of the universal enveloping of some commuting centreless U(1) Kac-Moody algebra, so that this enveloping forms an ideal while the factor-algebra by this ideal is w 1+∞ . We proposed some generalizations of the three-field realization to include more fields. One of them is the four-field realization with the signature (2 + 2) in the target space, such that the extended algebraĜ is reduced for it to the standard w 1+∞ . This system is expected to have an intimate relation to the N = 2 string [14] and to a N = 2 supersymmetrization of the two-field realization of ref. [3] . Finally, we discussed possible parallels between our three-field system and the affine conformal Toda systems [4, 5, 6] .
There remain many unsolved problems in the coset space approach to w 1+∞ . First of all, it is as yet unclear how to reproduce in this framework the most interesting multifield realizations of w 1+∞ [2] which basically correspond to the replacement of the singlet field in the one-field realization by some matrix field taking values in the fundamental representation of some classical algebra or its Cartan subalgebra. In the light of the discussion in the present paper, it seems that the only way to do this is to embed w 1+∞ into some extended algebra which would contain as many spin 1 generators as the fields in the given realization, in order to enable us to interpret these fields as coset parameters. A link with the classical Lie algebras could arise as the property that the spin 1 generators, being mutually commuting, transform according to the fundamental representations of these algebras, treated as some outer automorphism ones (as in extended supersymmetries). It is very intriguing to reveal what such huge higher spin algebras could be. If existing, they could have innumerable implications in the theory of W strings, W gravities, etc.
Regarding the realizations presented in this paper, there are also some points about them which need a further clarification. Some of these issues were already discussed in the main body of the paper. Here we wish to fix one more interesting problem, concerning the geometric interpretation of the extended symmetries explored in this paper. The algebra w 1+∞ has a nice interpretation as the algebra of the volume-preserving diffeomorphisms of a cylinder [1, 2] . It is desirable to have analogous geometric images for the algebras G andĜ. While the first algebra can be considered as a contraction of a direct sum of two algebras w 1+∞ and so can hopefuly be understood from the point of view of two independent diffeomorphism groups, it remains a mystery what is the geometric meaning of the algebraĜ. Perhaps it could be somehow related (e.g. through a contraction) to the recently discovered algebraŴ ∞ [16] which is claimed to contain all possible W type algebras, either via a contraction or a truncation.
Finally, we wish to point out that the obvious interesting problem ahead is to gauge the above realizations of w 1+∞ . This might clarify their relation to w ∞ strings and w ∞ gravity.
